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Abstract—Accurate and globally referenced positioning is 
crucial to autonomous systems with navigation requirements, 
such as unmanned aerial vehicles (UAV) and autonomous 
driving vehicles (ADV). GNSS/LiDAR integration is a popular 
sensor pair that can provide outstanding positioning 
performance in open areas. However, the accuracy is 
significantly degraded in urban canyons, due to the excessive 
unmodeled non-Gaussian GNSS outliers caused by multipath 
effects and none-line-of-sight (NLOS) receptions. As a result, the 
violation of the Gaussian assumption can severely distort the 
sensor fusion process, such as the extended Kalman filter (EKF). 
To mitigate the effects of these non-Gaussian GNSS outliers, this 
paper proposes to leverage the Gaussian mixture model (GMM) 
to describe the potential noise of GNSS positioning and apply it 
to further sensor fusion. Instead of relying on excessive offline 
parameterization and tuning, the parameters of the GMM are 
estimated simultaneously based on the residuals of the GNSS 
measurements using an expectation-maximization (EM) 
algorithm. Then the state-of-the-art factor graph optimization 
(FGO) is applied to integrate the GNSS positioning and LiDAR 
odometry based on the estimated GMM. The experiment in a 
typical urban canyon is conducted to validate the performance 
of the proposed method. The result shows that the GMM can 
effectively mitigate the effects of GNSS outliers and improves 
positioning performance. 

Keywords—GNSS; LiDAR; Positioning; Non-Gaussian noise; 
Factor graph optimization; Gaussian mixture models, Urban 
canyon  

I.  INTRODUCTION 

Global navigation satellite systems (GNSS) [1] are one of 
the indispensable sensors to provide global referenced 
positioning for autonomous systems, such as unmanned 
aerial vehicles (UAV) [2] and autonomous driving vehicles 
(ADV) [3]. GNSS can obtain satisfactory accuracy in open 
areas with an accuracy of ~5 meters. However, the 
performance can be significantly degraded in urban canyons 
due to the notorious multipath effects and none-line-of-sight 
(NLOS) receptions [1]. As a result, more than 50 meters of 
positioning error can be caused accordingly in urban canyons 
[4]. Light detection and ranging (LiDAR) based simultaneous 
localization and mapping (SLAM) [5] is a well-known 
technology to provide relative positioning due to its 

robustness against the illumination, compared with the 
visual-based SLAM. The major principle of LiDAR-based 
SLAM is to track the motions between consecutive frames of 
point clouds to obtain accurate relative positioning over a 
short period. However, its performance is subject to drift over 
time [6]. Moreover, the LiDAR SLAM can fail in the open 
area with limited features and only relative positioning is 
provided. Due to the complementariness between GNSS and 
LiDAR positioning, a lot of researches [7-11] is investigated 
to integrate the GNSS and LiDAR to achieve long-term 
autonomy. Decent performance can be obtained by 
GNSS/LiDAR integration in the open area when the GNSS 
positioning is satisfying and the sensor error is well 
distributed as Gaussian noise. Unfortunately, in urban 
canyons, the noise model of GNSS does not always subject 
to Gaussian distribution [12], due to the multipath and NLOS 
effects causing numerous unexpected outliers. The 
performance of popular filtering-based [13] methods (e.g. 
extended Kalman filter [14]), relies on the assumption that 
the sensor noise follows a Gaussian distribution. Recently, 
factor graph optimization (FGO) [15] is proposed to integrate 
information from multiple sensors via optimization. 
Interestingly, according to our recent research [16], we found 
that the optimization-based [9] sensor fusion using factor 
graph [17] outperforms the conventional filtering based 
methods, due to the multiple iterations and re-linearization 
process in FGO. However, the existing factor graph-based 
optimization still relies on the Gaussian assumption, although 
it is more resilient against the outlier measurements. In short, 
excessive unpredictable and non-Gaussian GNSS outliers are 
still major problems of GNSS/LiDAR integration in urban 
canyons.  

To mitigate the effects of NLOS receptions and multipath 
effects, numerous researches are studied, such as the 3D 
mapping aided GNSS (3DMA GNSS) [18, 19], the 3D 
LiDAR aided GNSS positioning [20-24] and the camera 
aided GNSS positioning [25, 26]. However, these methods 
rely heavily on the availability of environment descriptions, 
such as 3D building models or perceived sky view. Moreover, 
these solutions still cannot essentially cope with the non-
Gaussian properties of GNSS. Recently, the Gaussian 
mixture model (GMM) is theoretically investigated in [27] to 
model the non-Gaussian noise of loop-closure in SLAM. 
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However, only the max-mixture [27] model is employed to 
approximate the actual GMM. To solve the problem of 
arbitrary error distribution of sensor noise in factor graph-
based sensor fusion, the mixture of Cauchy distribution is 
investigated in [28] and improved performance is obtained. 
Unfortunately, only limited evaluation is provided. It is still 
an open task to exploit its potential in multi-sensor fusion 
applications. In brief summary, the works in [27] and [28] 
have theoretically validated the feasibility of modeling the 
sensor noise with non-Gaussian distribution which can be 
applied to the FGO accordingly.  

The authors of [12, 29, 30] recently proposed a set of 
algorithms that address the strong non-Gaussian properties of 
pseudorange measurements with adaptive GMMs. Firstly 
described in [30], they solve the single point positioning (SPP) 
problem using FGO and an implicit expectation-
maximization (EM) approach to adapt the sensor model 
during the optimization. In [12] the implicit EM is made 
explicit by performing the GMM estimation separately from 
the standard FGO. Based on the pseudorange measurement 
residuals, a mixture model with a fixed number of 
components is estimated with EM. In the most recent work 
[29] the EM is replaced by Bayesian inference which allows 
the online adaption of the number of GMM components. The 
applied variational Bayesian inference makes the GMMs 
estimation more robust with the price of increased 
computation time. For efficiency, we prefer the EM approach 
[12] within this paper.  

In parallel, the authors of [31, 32] proposed a similar 
approach that is applied to precise point positioning (PPP) for 
airplane applications. They also use VBI as well as sampling-
based methods and mainly address batch processing for 
offline estimation problems. All of these adaptive FGO 
approaches are able to reduce the NLOS induced localization 
errors by a magnitude, which shows the high potential of 
adaptive GMMs in sensor fusion. However, the methods 
from both groups rely on a good initial guess of the estimated 
states to calculate the residuals and their corresponding 
distribution. In other words, they rely on the assumption that 
the residuals can effectively represent the actual error 
distribution. If this condition holds in a multi-sensor setup is 
still an open question. Existing publications also lack an 
experimental evaluation outside the specific pseudorange 
domain. 

Inspired by the efforts of both groups, we go one step 
further and apply the adaptive GMM approach to the 
common multi-sensor GNSS/LiDAR integration problem. 
Within this work, we want to show how the approach can be 
applied to robustly localize in the dense urban canyons of 
Hong Kong. We not only analyze the localization 
performance, we investigate also if the model assumption of 
this approach holds under these harsh conditions. The 
proposed GNSS/LiDAR integration framework can 
efficiently integrate diverse positioning sources with GMM, 
such as visual odometry, which we believe is also one 
contribution of this paper. 

The remainder of this paper is structured as follows. An 
overview of the proposed method is given in Section II. 
Section III presents the GMM and its parameter estimation 
via the EM algorithm. The GNSS/LiDAR integration is 

introduced in Section IV before the experimental evaluation 
is presented in Section V. Finally, the conclusions and future 
work are drawn in Section VI. 

II. OVERVIEW OF THE PROPOSED METHOD 

The overview of the proposed GNSS/LiDAR integration 
is shown in Fig. 1. The inputs of the system include the 3D 
point clouds ( ௧ܲ) from 3D LiDAR and GNSS measurements 
(ܼ௚௡௦௦,௜ ). Firstly, point cloud registration is performed to 
estimated motion between consecutive frames of 3D laser 
scans using NDT [33]. Then the LiDAR odometry factor 
 is derived to represent the estimated relative pose in (௜௅௜஽஺ோݎ)
the FGO. Secondly, the loosely-coupled GNSS factor (ݎ௜௚௡௦௦) 
is derived based on the positioning information from the 
GNSS receiver. Thirdly, optimization is performed to 
initialize the system states. Then the residuals of all the 
historical GNSS measurements are calculated based on the 
estimated states. Fourthly, the parameters of the GMM is 
estimated based on the residuals using an EM algorithm. 
Finally, the estimated GMM is fed back to the FGO and the 
states of the vehicle are obtained by solving the factor graph 
again. 
The major contributions of this paper are listed as follows: 

(1) This paper proposes a state-of-the-art adaptive GMM 
to model the GNSS measurements in urban canyons. 
Moreover, the parameters of the GMM are estimated online 
without prior knowledge. 

(2) This paper applies the GMM to the GNSS/LiDAR 
integration using FGO to mitigate the impacts of the GNSS 
outliers. 

(3) This paper evaluates the performance of the proposed 
GNSS/LiDAR integration using a real-world dataset, 
recorded in the urban canyons of Hong Kong 

 
Fig. 1. Illustration of the proposed GNSS/LiDAR integration framework 

aided by GMM. 

III. GAUSSIAN MIXTURE MODELS FOR GNSS 

MEASUREMENT 

This section presents the formulation of GMM in FGO 
optimization. Then the estimation of the parameters of GMM 
is presented subsequently. 

A. Gaussian Mixture Models in Factor Graph Optimization 

Even for the state-of-the-art FGO in sensor fusion [15], the 
assumption that the sensor error is distributed according to a 
Gaussian distribution is mandatory. Unfortunately, there are a 
lot of scenarios, where the sensor noise is multi-modal and 
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single modal distribution cannot represent it effectively. A 
Gaussian mixture model is a promising approach for these 
cases. With the weighted sum of different Gaussian 
components, the GMM can describe the majority of non-
Gaussian distributions. 

Following our previous work in [12], the GMM can be 
denoted as follows: ܲ(ݖ௜|ݔ௜) = ∑ ௝௝ݓ ∙ ;௜ݖ)ࣨ ,௝ߤ σ௝ଶ) (1) 

Where ݖ௜  denotes the measurements (e.g. the GNSS 
measurements), ݓ௝  represents the weighting of the Gaussian 
component j and ߤ௝ and σ௝ represent the corresponding mean 
and standard deviation, respectively.  

The FGO [15] formulates the sensor fusion as a non-linear 
least squares problem as follows: ࢄ∗ = arg	maxࢄ  (2)   (ܼ|ࢄ)ܲ

Where ࢄ = ,ଵݔ} ,ଶݔ ,ଷݔ … ,  ௜} is a set of states to be estimated, ܼ is a set of measurements from the first epoch to the currentݔ
epoch and ࢄ∗ denotes the optimal set of states after the FGO. 
Since each measurement is considered as a factor in FGO, the 
problem (2) can be formulated as the product of conditional 
probabilities as follows [12, 15]: ܲ(ࢄ|ܼ) ∝ ∏ ௜(௜ݔ|௜ݖ)ܲ    (3) 

Where ݔ௜  denotes the state associated with the 
measurement	ݖ௜ . In fact, ܲ(ݖ௜|ݔ௜) is considered as a factor 
and the subscript i denotes the index of the factor in FGO. 
The formulation (2) can be transformed as follows using the 
negative logarithm: ࢄ∗ = arg	minࢄ ∑ − lnܲ(ݖ௜|ݔ௜)௜   (4) 

For a sum of Gaussian with N components representing the 
measurement ݖ௜ , the conditional probability can be 
formulated as follows [12]: ܲ(ݖ௜|ݔ௜) ∝ 	∑ ௝ܿ ∙ exp ቆ− ଵଶ ብॎ௝భమ൫݁௜ − ௝൯ብଶቇே௝ୀଵߤ  (5) 

with	 ௝ܿ = ௝ݓ ∙ det	ቆॎ௝భమቇ 	and	ॎ௝భమ = Σ௝ି భమ	  (6) 

Where the ݁௜ denotes the residual of measurement ݖ௜ and the ॎ௝  is the information matrix corresponding to the 
measurement ݁௜. It’s square root can be calculated using the 
Cholesky decomposition of the inverse covariance matrix Σ௝. 
Therefore, the sensor fusion problem with GMM can be 
formulated by integrating the (5) to (4).  

For the Gaussian case, formulation (4) can be easily 
transformed into a standard least-squares problem [15]. To 
represent the GMM in the FGO, the authors of [34] proposed 
the max-mixture algorithm where the GMM is described 
using the Gaussian component with maximum probability. 
Therefore, only a approximation of the exact distribution is 
obtained. The exact implementation of non-Gaussian 

distributions inside the FGO is proposed recently in [28]. The 
authors of [12] shows its feasibility for GMMs in GNSS 
single point positioning. In this paper, we apply this exact 
sum-mixture approach to implement the GMM into the FGO. 
Based on the work in [28], the FGO problem with explicit 
GMM can be formulated as follows: ࢄ∗ = argmin௑ ∑ ብට−ln ቀ௉൫ݖ௜หݔ௜൯ఊೞ ቁብଶ௜   (7) 

with ߛ௦ ≥ max௜  ((௜ݔ|௜ݖ)ܲ)
Where ߛ௦ is a normalization constant [12] to keep the negative 
log-likelihood  positive. We set ߛ௦ as ∑ ௝ܿ௝  in this paper. We 
can obtain the following integrated formulation by pushing 
the (5) inside the (7): 

∗ࢄ = argmin௑ ∑ ቱቱളۣളളളളള
ളളለ−lnۈۉ

∑ۇ ௖ೕ∙ୣ୶୮ቌିభమะॎೕభమ൫௘೔ିఓೕ൯ะమቍೕಿసభ ఊೞ ۋی
ቱቱۊ

ଶ
௜ (8) 

Therefore, the optimal set of states ଵܺ:௧∗  can be estimated by 
solving the FGO with GMM as (8). This is also a general 
formulation to model arbitrary sensor measurements (e.g. 
visual odometry) using GMM in FGO. 

B. Online Parameters Estimation for Gaussian Mixture 
Models 

The GNSS positioning measurement ܼ௚௡௦௦,௧  is 
represented as follows: ܼ௚௡௦௦,௜ = ቈܼ௚௡௦௦,௜ாܼ௚௡௦௦,௜ே ቉   (9) 

Where the ܼ௚௡௦௦,௜ா  and ܼ௚௡௦௦,௜ே  denote the positioning in the 
east and north direction at a given epoch i. Be noted that we 
use the GNSS positioning in ENU [1] coordinate system. As 
the GNSS positioning error in altitude direction is 
significantly more unreliable compared with the horizontal 
positioning. Therefore, we only use the horizontal positioning 
from GNSS in further integration with LiDAR odometry. 
Inspired by the work in [12], we use two different GMMs to 
model the noise model in east and north directions, 
respectively. This section presents the estimation of the 
parameters for the GMM in a single dimension, which is, in 
fact, applicable for both the east and north directions. 

The expectation-maximization is an iterative algorithm 
that can be applied to estimate the maximum-likelihood of 
parameters (܃) in statistical models, where the model depends 
on observed variables (۽) and a set of hidden variables (۶). 
Different from the conventional non-linear least squares 
problem where the unknown variables can be solved directly, 
the ۽ and ۶ cannot be solved directly based on the observed 
variables. Therefore, we employ an expectation step (E-step) 
to estimate the hidden variables ۶ based on the given initial 
guess of ܃. Then the estimated ۶ is employed to estimate the ܃ using a maximization step (M-step). The E-step and the M-
step are performed iteratively until the convergence criterion 
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is satisfied. The parameters for the EM estimation is expressed 
as follows: ۽ = {݁ଵ, ݁ଶ, … , ݁௜, … ݁ெ}  (10) ۶ = ൛ߙ௜௝ൟ௜ୀଵ,…ெ;௝ୀଵ,…ே;  (11) 

܃ = ቊݓ௝, ,௝ߤ ॎ௝భమቋ௜௝ୀଵ,…ே;  (12) 

Where ܯ  denotes the number of residuals considered for 
GMM estimation, the ݁௜ represents the residual corresponding 
to a given measurement ݖ௜ which is calculated as follows: ݁௜ = ௜ݖ − ℎ(ݔ௜)   (13) 

Where ݔ௜ is the state associated with the measurement ݖ௜ and ℎ(∗)	is the observation function. Hidden variable ߙ௜௝ denotes 
the probability of a given ݁௜ to belong to component ݆ of the 
estimated GMM. The ܃ is the parameters for the GMM which 
is to be estimated. 

Based on the residual set ۽, the E-step can be performed 
to estimate the hidden variables as follows: 

௜௝ߙ = ୔(௘೔|௪ೕ,ఓೕ,ॎೕభమ)∑ ୔(௘೔|௪ೕ,ఓೕ,ॎೕభమ)ೕಿసభ    (14) 

with  

Pቆ݁௜ቤݓ௝, ,௝ߤ ॎ௝ଵଶቇ = ௝ݓ ∙ det	(ॎ௝ଵଶ) exp ൭−12ብॎ௝ଵଶ൫݁௜ −  ௝൯ብଶ൱ߤ

Therefore, the hidden variables are updated based on the 
iteration above. Then the M-step is performed to update the 
parameters of GMM as follows: ݓ௝ = 1݊ ∑ 1=ܯ݆݅݅ߙ ௝ߤ (15)    = ∑ ∑1=ܯ݆݅݅݁݅ߙ 1=ܯ݆݅݅ߙ    (16) 

ॎ௝భమ்ॎ௝భమ = ቆ∑ 1=ܯ݆݅݅ߙ ൫௘೔ିఓೕ൯൫௘೔ିఓೕ൯ܶ∑ 1=ܯ݆݅݅ߙ ቇ−1 (17) 

The M-step needs to be conducted for ܰ times to estimate the 
parameters for all components. Finally, the E-step and the M-
step is performed iteratively for several times until the 

conditional probability Pቆ݁௜ቤݓ௝, ,௝ߤ ॎ௝భమቇ change between two 

iterations is smaller than a given threshold. In this work, the 
parameters for the GMM are estimated in an online manner. 

IV. GNSS/LIDAR INTEGRATION USING FACTOR GRAPH 

OPTIMIZATION WITH GMM 

Fig. 2 shows the proposed factor graph structure for 
GNSS/LiDAR integration using GMM. The blue circle 
denotes the LiDAR odometry factor. The green rectangle 
denotes the GNSS factors with the corresponding noise 
modeled by GMM (the red shaded eclipse). The state vector 
in this paper is as follows: ࢄ = ,ଵܠ} ,ଶܠ … ,  ௜}   (18)ܠ

௜ܠ = ௕೔௪ܘ] , ௕೔௪ܙ ]   (19) 

Where ࢄ denotes the state set from the first to the current 
epoch. The ܠ௜ represent the state at a given epoch ݅. Vector ܘ௕೔௪  encodes the translation from the world (“w”) frame to the 
body (“b”) frame and ܙ௕೔௪  the rotation (denoted by a 

quaternion) from the world (“w”) frame to the body (“b”) 
frame, which is expressed using a rotation matrix. The body 
frame is fixed at the center of the 3D LiDAR in this paper. 
The world frame is fixed at the starting point in the east, north 
and up (ENU) [1] coordinate. 

The remainder of this section presents the derivation of 
GNSS factors and LiDAR factor together with their 
integration. 

 
Fig. 2. Illustration of factor graph for the proposed GNSS/LiDAR 

integration with GMM. 

A. GNSS Factor 

GNSS observation can provide absolute positioning. The 
GNSS measurement model is expressed as follows: ܼ௚௡௦௦,௜ = ℎ௚௡௦௦(ܠ௜) + ݊௚௡௦௦  (20) 

Where  ݊௚௡௦௦  denotes the noise of measurement associated 
with ܼ௚௡௦௦,௜ . Therefore, the residual (ݎ௜௚௡௦௦ ) of the GNSS 
measurement is formulated as follows: ݎ௜௚௡௦௦ = ฮܼ௚௡௦௦,௜ − ℎ௚௡௦௦(ܠ௜)ฮீெெଶ

  (21) 

with ݎ௜௚௡௦௦ = ௜௚௡௦௦,ாݎ +  ௜௚௡௦௦,ேݎ

௜௚௡௦௦,ாݎ = ቱቱളۣളളളളള
ളളለ−lnۈۉ

∑ۇ ௖ೕ∙ୣ୶୮ቌିభమะॎೕభమቀ௘೔೒೙ೞೞ,ಶିఓೕቁะమቍೕಿసభ ఊೞ ۋی
ቱቱۊ

ଶ
(22) 

௜௚௡௦௦,ாݎ = ቱቱളۣളളളളള
ളളለ−lnۈۉ

∑ۇ ௖ೕ∙ୣ୶୮ቌିభమะॎೕభమቀ௘೔೒೙ೞೞ,ಿିఓೕቁะమቍೕಿసభ ఊೞ ۋی
ቱቱۊ

ଶ
(23) 

Where ݎ௜௚௡௦௦,ா and ݎ௜௚௡௦௦,ே denote the residuals in the east and 
north directions, respectively. Be noted that two GMMs are 
employed to model the positioning noise in east and north 

GNSS Factor

଴ݔ ଵݔ ଶݔ ௜ݔ ଴ݔ்ݔ State Node LiDAR Factor

଴݂ீ ேௌௌ ଵ݂ீ ேௌௌ ଶ݂ீ ேௌௌ ௜݂ீேௌௌ ்݂ீேௌௌ
଴݂௅௜஽஺ோ ଵ݂௅௜஽஺ோ ௜݂௅௜஽஺ோ ்݂ ௅௜஽஺ோ

,௝ݓ ௝,ॎ௝ଵଶߤ
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directions, respectively. In this case, the residual for the GNSS 
measurements modeled with GMM is obtained. 

B. LiDAR Factor 

LiDAR odometry can provide high-frequency relative 
positioning by mapping consecutive frames of point clouds 
[6]. Decent accuracy can only be obtained in a short period 
due to the inevitably accumulated drift over time. Our 
GNSS/LiDAR integration can effectively make use of their 
complementariness. 

The principle of LiDAR odometry [35] is to track the 
transformation between two successive frames of point clouds 
by matching the two frames of point clouds called reference 
point cloud and input point cloud in this paper. The matching 
process is also called point cloud registration. The objective 
of point cloud registration is to obtain the optimal 
transformation matrix to match or align the reference and the 
input point clouds. We employ the normal distribution 
transform (NDT) [36] to conduct the point cloud registration. 
The relative transformation ܼ௅௜஽஺ோ,௜ derived from the NDT is 
expressed as follows: ܼ௅௜஽஺ோ,௜ = ௕೔షభ௕೔ܘ] , ௕೔షభ௕೔ܙ ]   (24) 

where the ܘ௕೔షభ௕೔  and ܙ௕೔షభ௕೔  represent the translation and 
rotation (denoted by a quaternion) between epoch ݅ and epoch ݅ − 1 in the body frame. Therefore, the residual (ݎ௜௅௜஽஺ோ) of 
the LiDAR positioning is formulated as follows: ݎ௜௅௜஽஺ோ,௣ = ቛܘ௕೔௪ − ௕೔షభ௪ܘ − ௕೔షభ௪ܙ ௕೔షభ௕೔ܘ ቛஊ೔೛ଶ  (25) 

௜௅௜஽஺ோ,௤ݎ = ቛܙ௕೔షభ௪ ିଵܙ௕೔௪ ⊖ ௕೔షభ௕೔ܙ ቛஊ೔೜ଶ ௜௅௜஽஺ோݎ (26)   = ௜௅௜஽஺ோ,௣ݎ +  ௜௅௜஽஺ோ,௤  (27)ݎ

where the ݎ௜௅௜஽஺ோ,௣  and ݎ௜௅௜஽஺ோ,௤  denote the residuals for 
translation and rotation, respectively. Regarding the 
information for translation (Σ௜௣) and rotation (Σ௜௤), we follow 
our previous work in [6] where the uncertainty of LiDAR 
odometry is determined based on the degree of matching. 
Therefore, the LiDAR factor is derived. 

C. Factor Graph Optimization 

Based on the derived residuals from the GNSS 
measurements and LiDAR odometry, the optimal state set can 
be estimated by solving the following non-linear function:  ܺ∗ = arg	min௑ ∑ ௜௅௜஽஺ோݎ +௜  ௜௚௡௦௦  (28)ݎ

where the ܺ∗  denotes the optimal states set. Regarding the 
implementation of GMM, we make use of the libRSF1 [12]. 
To solve the non-linear optimization problem, we make use of 
the Levenberg-Marquardt algorithm in Ceres Solver [37]. 

 
1 https://github.com/TUC-ProAut/libRSF 

V. EXPERIMENT EVALUATION  

A. Experiment Setup  

The proposed method is verified through real road tests in 
the deep urban canyon of Hong Kong. During the experiment, 
a u-blox M8T GNSS receiver was used to collect GNSS 
measurements at a frequency of 2 Hz. The 3D LiDAR sensor 
(Velodyne 32) was employed to collect raw 3D point clouds 
at a frequency of 10 Hz. In addition, the NovAtel SPAN-CPT, 
a GNSS (GPS, GLONASS, and Beidou) RTK/INS (fiber-
optic gyroscopes, FOG) integrated navigation system, was 
used to provide the ground truth of positioning. The gyro bias 
in-run stability of the FOG is 1 degree per hour and its random 
walk is 0.067 degree per hour. The baseline between the rover 
and GNSS base station is about 7 km. All the data were 
collected and synchronized using the robot operation system 
(ROS) [38]. The coordinate systems between all the sensors 
were calibrated before the experiment. The sensor setup is 
shown in Fig. 3. Fig. 3-(a) shows a snapshot with high-rising 
buildings on the double sides which is challenging for GNSS 
solutions. Fig. 3-(b) shows a snapshot with numerous moving 
objects, which is challenging for LiDAR odometry. 

 
Fig. 3. Illustration of the sensor setup and the tested scenario. 

To verify the performance of the proposed method, several 
methods are compared. 

(1) GNSS: GNSS standalone positioning provided by the 
u-blox receiver. 

(2) LIO: positioning from LiDAR odometry. 

(3) GNSS/LIO: positioning from GNSS/LiDAR 
integration using FGO. 

(4) GNSS/LIO GMM: positioning from GNSS/LiDAR 
integration using FGO aided by GMM. 

As the GNSS positioning only provides positional 
information, therefore, only 2 dimensions (2D) positioning 
performance is evaluated. The parameters used during the 
experiment are shown in Table I. 
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TABLE I.  PARAMETER VALUES USED IN THIS PAPER 

Window Size (ۻ) 35 epochs 
NDT Resolution 0.1 
Component Num 3 
NDT Step Size 0.1 

 

B. Performance Evaluation of the Proposed Method in 
Urban Canyon 

The positioning accuracy of the four compared methods is 
shown in Table II. A mean error of 7.01 meters is obtained 
using GNSS standalone positioning with a maximum error 
reaching up to 25.88 meters. Interestingly, the mean error for 
the LIO (12.86 meters) is even larger than the one for GNSS. 
Since the LIO estimates just the relative motion between 
consecutive frames, the error of LIO accumulates during the 
experiment. The tested challenging scene (Fig. 3) includes 
numerous moving vehicles which can significantly degrade 
the performance of LIO. The mean error is decreased to 5.51 
meters by using the FGO-based GNSS/LIO. The application 
of the adaptive GMM reduces the mean error further to only 
4.6 meters with a maximum error of 16.46 meters. 

The resulting trajectories and translational are shown in 
Fig. 4 and Fig. 5, respectively. With the help of the adaptive 
GMM, the positioning error is reduced over large parts of the 
trajectory, compared with the conventional GNSS/LIO 
integration. Fig. 6 shows the amplification of selected details 
from the complete trajectory in Fig. 4. We can see these 
sections, that the results from GNSS/LIO with GMM (blue 
curve) always tends to be more smooth and closer to the 
ground truth trajectory than the conventional GNSS/LIO 
integration. This improvement is mainly caused by the 
adaptively modeling of GNSS using GMM. 

Although the accuracy of GNSS/LIO integration is 
improved with the help of the proposed GMM, the remaining 
error is still about 4.5 meters. One reason for this is the fact 
that, with a mean error of 7 meters, the GNSS positioning 
accuracy is quite limited. Although the LIO can provide 
decent accuracy in a short period, the LIO cannot provide 
absolute positioning. In other words, the LIO can only help to 
smooth the trajectory instead of correcting the trajectory. We 
can see from Fig. 5 that the GNSS positioning peaks several 
times which means the environment conditions (e.g. satellite 
visibility) variate during the experiment. The error distribution 
for GNSS between epoch 250 and 350 is different from the 
one between 400 and 450 in Fig. 5 due to the environment 
change. Therefore, adaptively choosing the window size for 
estimating the GMM is significant. Currently, the window 
size is set as fixed (35 epochs). Therefore, this is another 
aspect that the proposed method can still be improved. One 
possible solution to cope with this is to employ the 3D 
building model to pre-determine the environment conditions. 
In future work, we will study the self-tuning of the window 
size for GMM. 

 

Fig. 4. Trajectories of the tested methods. The black curve denotes the 
ground truth trajectory from SPAN-CPT. The red and green curves denote 
the GNSS and LIO, respectively. The cyan and blue curves represent the 
GNSS/LIO integrations with and without GMM, respectively. 

 

Fig. 5. Positioning errors of the tested methods. The red and green curves 
denote the GNSS and LIO, respectively. The cyan and blue represent the 
GNSS/LIO integrations with and without the GMM. 

 

Fig. 6. The amplification of the trajectories in four selected portions with 
respect to Fig. 4. 

(a)

(b)

(c)

(d)

(c) (d) (b)(a)
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TABLE II.  POSITIONING PERFORMANCE OF THE EVALUATED METHODS 

All data GNSS LIO GNSS/LIO 
GNSS/LIO 

GMM 

Mean error 7.01 m 12.86 m 5.51 m 4.60 m 
Std 5.73 m 6.39 m 3.19 m 3.33 m 

Max error 25.88 m 25.62 m 17.86 m 16.46 m 

C. Discussion 

The parameter estimation of the GMM relies heavily on 
the residual of GNSS measurements. This section presents the 
residual and GNSS positioning error in east and north 
directions during the experiment, respectively. Fig. 7 shows 
the error and residual in the east direction. We can see from 
the blue histogram, which denotes the error, that the 
distribution has three peaks. In other words, three Gaussian 
components are needed to describe the error distribution 
during the experiment. The brown histogram denotes the 
residual over the experiment. The estimated residual can fit 
well regarding errors between [-5m, 5m]. However, the 
estimated residual cannot track the trend outside the bound of 
[-5m, 5m] well. This is due to the fact that the estimated 
residual relies heavily on the initial guess of the state 
estimation. If the estimated position deviates dramatically 
from the ground position, the residual cannot reflect the actual 
noise of GNSS measurements. Therefore, one drawback of the 
GMM is that it relies on the accuracy of the initial guess of the 
state estimation. 

Fig. 8 shows the error and residual histograms in the north 
direction. There are also three peaks of the error as well as the 
residual. The peak on the left side in Fig. 8 deviates 
significantly from the zero. This is mainly due to the multipath 
and NLOS receptions which degrades the GNSS performance.  

 
Fig. 7. The GNSS residual vs. error in the east direction during the 
experiment. The x-axis denotes the values of error or residuals. The y-axis 
represents the number of error or residual that belongs to a certain histogram. 

 
Fig. 8. The GNSS residual vs. error in the north direction during the 
experiment. The x-axis denotes the values of error or residuals. The y-axis 
represents the number of error or residual that belongs to a certain histogram. 

VI. CONCLUSIONS AND FUTURE WORK  

Effectively modeling the noise distribution of sensor 
measurements is significant for multi-sensor fusion, 
especially in challenging scenarios where the noise model 
variate dramatically. Instead of using a single Gaussian 
distribution, this paper explores to employ the GMM to 
describe the sensor measurement based on GNSS residuals. 
Improved performance is obtained with the help of GMM in 
GNSS/LIO integration. The proposed GMM can easily be 
adapted to other sensors, such as vision or radar. To enhance 
the sensitivity of the GMM against environmental change, we 
will utilize the recently developed context-awareness 
technique [39]. This could be a promising direction to further 
boost the robustness of the proposed method against 
environmental changes. 
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